Abstract. Global Alfvén eigenmodes (GAEs) are investigated in cylindrical geometry both analytically and numerically. These modes are of particular importance in low-shear magnetic configurations, such as modern stellarators. Analytical treatment starts from the linearised equations of gyrokinetics and yields a generalized dispersion relation for GAE with FLR and kinetic effects taken into account, which is demonstrated to reduce to the well-known MHD counterpart [3] in the appropriate limit. An eigenvalue code is developed to solve the dispersion relation, which is used to investigate the kinetic analogs of GAE modes in various regimes with different beta. On the other hand, GAE modes are simulated with global linear particle-in-cell (PIC) electromagnetic gyrokinetic code following self-consistent time evolution of electromagnetic fields and plasma. GAE modes are observed and their damping rate agrees with predictions made by the eigenvalue code.
INTRODUCTION
With the advent of novel optimized stellarator concepts a question of stability of low frequency discrete global Alfvén modes (GAEs) received a renewed attention (e.g., [1] , [2] ). The GAEs are MHD modes, which exist due to the nonuniform background magnetic field. These modes dwell in gaps below the Alfén continuum in inhomogeneous plasmas with frequencies very close to the minimum of the Alfén continuum, i.e. min(ω A = k (r)V A (r)), where V A ≡ B(r)/ µ 0 n(r)m i is the Alfvén frequency. A distinctive feature of the some optimized stellarators is low shear of the rotational transform to avoid low order resonant rational surfaces and thus suppress undesirable MHD activity. This inhibits other kinds of global Alfén eigenmodes, such as TAEs, which arise in higher frequency gaps of the Alfvén continuum as a result of coupling between different poloidal harmonics possible due to toroidal geometry and which are conventionally regarded as one the least stable variety of global modes in conventional tokamaks, whereas GAEs are considered to be sufficiently damped because of the resonant coupling to sideband modes. On the contrary, in stellarators with the low shear for certain harmonics with low mode numbers there is no sideband Alfvén continua to couple to and thus they dominate the low frequency spectrum of electromagnetic activity, as has been observed in various experiments (e.g., [2] ). When energetic particles are introduced into the system (e.g., due to NBI or as a result of fusion reactions) they can easily destabilize the GAEs transferring free energy in their distribution to these modes. Therefore, it is important to have a comprehensive description of the GAEs which would be able to treat its global structure along with kinetic effects. An appropriate framework for such description is the gyrokinetic theory, which is capable of describing such MHD phenomena as GAEs from the kinetic side rigorously and self-consistently in a single framework, unlike perturbative approaches where presumably small kinetic effects are usually superimposed on background MHD modes with immutable structure (e.g., [4] ). In this paper, we will perform linear gyrokinetic analysis of GAEs in an inhomogeneous plasma in cylindrical geometry without energetic particles as a first step toward ultimate goal of describing GAEs in stellarators with low shear. The results obtained in this paper can also be used as a benchmark for comparing results with a gyrokinetic PIC code under development for simulating GAEs.
BASIC EQUATIONS
The gyrokinetic theory uses the following assumptions,
where ω is typical oscillation frequency, Ω i is ion gyrofrequency, and L is typical scale of the inhomogeneities, to average out fast Larmor gyration from the Vlasov equation which is not significant if typical frequency of the modes under consideration is much less than the gyrofrequency. This procedure leads to equation governing evolution of the distribution function of the guiding centers in terms of gyroaveraged potentials. For phenomena with frequencies in the Alfvén range quasineutrality holds, i.e. n i = n e , where n i ( x) and n e ( x) are particle densities in configuration space for ions and electrons, respectively. Finally, since here we are interested in GAEs, which is a kind of shear Alfvén wave, we can use only parallel component of the vector potential A to separate the compressional Alfvén branches, and the corresponding quantity is governed by the gyroaveraged Ampere's law. After linearisation the resulting equations of gyrokinetics in p formulation are
where indices 0 and 1 denote derivatives along the unperturbed orbits and along the perturbations of orbits due to the potentials, F s ( R, p , µ) is perturbation of distribution function of the guiding centers from the background distribution function F 0s of species s versus guiding center coordinates, parallel moment in p formulation, and µ = v 2 ⊥ /2B is the conserved magnetic moment,
where
with ρ s being gyroradius of a particle of
, and µ 0 ne 2
with
The physics of long wavelength modes such as GAEs is influenced primarily by the inhomogeneities of the background plasma, i.e. of equilibrium temperature, density, and magnetic field. We incorporate such inhomogeneities into the problem through the radial dependence of the corresponding quantities in the background distribution functions F 0i and F 0e . We account for the equilibrium current nonuniformity by including parallel drift velocity u 0 (r) ≡ − j 0 (r)/en(r) in the electron background distribution function. As a first approximation we consider cylindrical geometry for toroidal facilities with large aspect ratio and neglect magnetic curvature and ∇B drifts. By also neglecting the finite Larmor radius effects for electrons since m e /m i 1 using the long wavelength limit k ⊥ ρ i 1, one obtains the following equations:
where b and ξ are direction vector of and coordinate along the background magnetic field,
and µ 0 ne 2
note that the left hand side of Eq. (7) is polarization density which comes out naturally in the gyrokinetic description. Next, we perform Fourier transform of Eq. (6) and we assume that the background quantities change slowly compared to the scale of perturbations, i.e. k ⊥ L 1, so that we can treat background profiles as locally constant but retain their large scale radial dependence. By solving for the Fourier image of perturbation of the guiding center distribution function and substituting it into Eqs. (3) and (5), which in Fourier representation
the Bessel function, one obtains expressions for the perturbation densities and currents. Then, substitution of the latter into the quasineutrality equation (7) and the parallel Ampere's law (8) and using small argument expansions for the Bessel functions to obtain the first order FLR effects yields the following equations for the potentials
Here,
, and Z is Fried-Conte plasma dispersion function.
The kinetic effects are concentrated in Eq. (9), which expresses the difference between the potentials arising due to finite particle inertia, parallel resonances, and FLR effects. In MHD description analogous equation is φ = 11) expresses FLR correction. In this way we have obtained equations describing low frequency electromagnetic modes in cylindrical geometry with parallel dynamics and FLR effects taken into account more consistently and rigorously than in previous literature (see e.g., [3] ). These equations are suitable for description of mainly MHD modes such as GAEs as well as kinetic Alfvén modes (KAW), which have no analog in magnetohydrodynamics.
NUMERICAL SIMULATIONS
Eqs. (9) and (11) b n B n (r), where a n and b n are coefficients of the expansion and B n are splines of desired order (in this particular code we used splines of the fourth order). By substituting φ and A in this form Eqs. (9) and (11) and by applying a projection operator on basis element B m (r) one obtains a system of linear equations for complex coefficients of the following form: M(ω) · (a, b) T = 0, where M is a matrix of N × N which depends on frequency. Roots of characteristic equation det[M(ω)] = 0 correspond to the eigenfrequencies of the system, and solving for coefficients for each eigenfrequency by either inverse iteration or single value decomposition algorithms provides radial structure of eigenfunction. It is worth noting that direct calculation of determinant in the characteristic equation is numerically inefficient and error prone. It is much more robust to use the fact that determinant of a matrix equals to product of all its eigenvalues. Then, by monitoring the smallest eigenvalue of the matrix M(ω) and finding values of ω where it vanishes, one is able to find the roots of the characteristic equation.
In table 1 there are the real parts of eigenfrequencies and damping rates of the fundamental mode (no radial nodes for potential) with toroidal and poloidal numbers equal to n = 1 and m = −3, respectively, obtained with the eigenvalue code for order of plasma parameters similar to those in W7-AS (e.g., [2] ), n = n 0 (1 − ∆) 1 − r 2 /a 2 2 + ∆ with n 0 = 10 20 m −3 , a = 0.2 m, and ∆ = 0.05, j(r) = j 0 1 − r 2 /a 2 4 with j 0 chosen so that q(0) = 1, R 0 = 2 m, B 0 = 1.25 T, and temperature is varied, taken to be equal for both species.
The eigenvalue code was intended to be a benchmark to help analyzing results of a more general global linear electromagnetic code tracking down self-consistent time evolution of electromagnetic fields and plasma using a δ f PIC algorithm ( [7] , [8] , [9] ). Since previously no fully simulations with kinetic electrons of globally extended electromagnetic modes have been done in other than slab geometry, several modifications of the code were in order, most crucial one having been the introduction of inhomogeneous background current density through the electron parallel drift velocity. Without the latter GAE modes in cylinder geometry do not exist (e.g., [3] ).
A simulation was performed for T i = T e = 1keV with same other plasma parameters as in the above mentioned simulations made with the eigenvalue code. Since the codes, which are formulated as an initial value problem and follow time evolution of a system, usually exhibit electromagnetic activity at different frequencies, it is necessary to employ appropriate spectrum analyzing techniques. The running discrete Fourier transform ( [10] ) wavelet-like approach was chosen as such a tool to visualize the code results in time-frequency domain simultaneously. In the left part of Fig. 1 time-frequency decomposition of time signal of the electrostatic potential is shown for radial position s ≡ r/a = 0.334. It can be clearly seen that the dominant harmonics have frequency ω ≈ ω Amin = 3, 55 × 10 6 . Further, by applying analogous technique for a number of different radial points and filtering out the signal in the vicinity of a particular dominant harmonic in frequency domain, it is possible to extract radial eigenfunction structure corresponding to that harmonic. As an example, in the right part of Fig. 1 such a radial eigenfunction is shown for the positive frequency dominant harmonic. As one can see, it agrees well with the corresponding radial eigenfunction with no radial nodes (solid line) calculated with the eigenvalue code prediction (dashed line). Since the eigenvalue calculations give significantly larger damping rates for the modes with larger number of radial nodes, this is exactly what is expected. Further, by performing the radial eigen- 
